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TECHNICAL NOTE 3288

ON THE ANALYSIS OF LINFAR AND NONLINEAR DYNAMICAIL SYSTEMS
FROM TRANSIENT-RESPONSE DATA

By Marvin Shinbrot
SUMMARY

A genersl theory of the so-called "equations-of-motion" methods for
the analysis of llnear dyhamical systems is developed first. It is then
shown that when viewed from this general point of vantage, all of these
linear methods can be extended in a stralghtforward manner to apply to
the analysis of nonlineasr systems. In addition, through use of this
theory, a new method is derived. It 1s essentially a variation of the
well-known "Fourier transform” method for the analysis of linear systems
but possesses certain advantaeges over previous methods. Application and
effectiveness of this method are demonstrated by three examples, two of
which are nonlinear - one highly so - and the third being of the fourth
order.

INTRODUCTION

It has often been suggested (e.g., in ref. 1) that nonlinearities
which are ignored in the classical theory of the equations of motion of
an aircraft may be responsible for certain unususl phenomens which have
been observed in flighte of modern high-speed airplanes and missiles.
Consequently, it seems desirable to develop methods for the analysis of
such nonlinear systems - methods which allow the calculation from measured
transient-response date of the nonlinear stability characteristics as well
as the classical linear stability derivatives of the aircraft, Several
such methods are described in reference 2, the principal one consisting
of a generalization of the so-called "derivative method" which was orig-
inally devised for use with linear systems (cf. ref. 3). However, the
methods described in reference 2 leave something to be desired from both
rolnts of view of accurecy of the results and lengthiness of the calcu-
lations. In addition, application of these methods requires, in all but
the simplest cases, the previous evaluation by scme means of those sta-
bility charaecteristics which are linear. In view of these shortcomings,
an attempt has been made in the present study to find simpler, more accu-~
rate, and more general procedures. The problem is attacked by first exam-
ining several well-known methods for the analysis of simple linear systems
and then modifylng them &s necessary to allow their application to more
general systems. :
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Many methods for the snalysis of linear systems have been proposed
in the past (see, e.g., refs. 3 and 4). In reference 5, these methods
have been classified under two main heads: "equations-of-motion" methods
and "responge-curve-fitting" methods, the former title including the
derivative method and what have been celled the IaPplace transform and the
Fouriler transform methods (ref. 3), and the latter consisting of such
methods &8 Prony's (refs. 3 and 6) and the techniques of reference k4.
Since the response-~curve-fitting methods involve the explicit—solution
of the equations of motion in terms of the physicael parameters of the
gystem at hand, they do not seem sultable for use with nonlinear systems.
Hence, we shall be concerned solely with the equations-of-motion methods,

Fach of these methods has been considered in the literature as an
independent. entity; apparently, no attempt has ever been made to subsume
all of them under & single general theory. For the purposes of the pre-
sent study, such a theory would be desirable since it seems reasonable to
expect—first that when viewed from a more general point of view, & gen-
eralization of the methods to nonllnear systems might appear; and second
that once such a theory is known, it might be possible to develop new
methods, superior in certaln respects to the o0ld ones from which the

theory sprang.

In accordance with this plan, the paper begins with & short presen-
tation of the three best known of the equations-of-motion methods. These
methods are examined from a new point of view which is then shown to lead
to the general theory for linear systems. The further extension to non-
linear systems is considered next., Based on the general theory, develop-
ment of a new method for data snalysis follows. Finally, some examples
of the applicetion of this recommended method are given.

SYMBOLS

o engle of attack, radlans . -
& o P

at i
b I_m._’I_’Ig-Ea_

mv Ng Iy

Iy

Co IE"'TEI&_Q

y iy
C 16
1 - mv
el elevator deflectlon, radlans

Iy pitching moment of inertia, slug-ft2
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X M| Io Mg
Iy nV Iy
L linear 1ift force, 1b
aL
he *
oL
o >
L(c) nonlinear 1ift force, 1b
m mass of aircraft, slugs
M linear pitching moment, ft-1b
oM
Ha =
. oM
o %
oM
o 08
oM
Mg Y
M(c) nonlinear pitching moment, ft-1b
q pitehing velocity, radians/sec
t time, sec
v velocity of aircraft, f£t/sec

Other symbols will be defined as they are introduced.

ANALYSIS

Some Equations-of-Motion Methods for Linear Systems

In the presentation of the general theory of equations-of-motion
methods, 1t is desirable to have some examples of these methods set down
for examinetion. The three best known of these methods are briefly
described below; for & more detalled discussion of them, see reference 3.
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As & concrete example, let us consider an airplane operating under
conditions where the stability characteristics are effectively linear,
so that, as in reference 3, the equations of its longitudinal motion can
* be written : )

- aly - omV + gmV = 8lLg
- aMy, - oM, - gMg + qIy = 8Mg

It will be convenient to eliminate q and so to write these equations as
&(t) + ba(t) + ku(t) = CoB(t) + C 56(%) (1)

where dots denote differentietion with respect to time +. It 1is assumed
that time histories of «(t) and 8(t) are available from flight records
and that one wishes to calculate the constants“_b,'k, Cq, and C,. For
simplicity, it will further be assumed that the constant b 1s positive
and that &(t) i1s a pulse, so that &(t) is zero for t sufficiently
large. These restrictlons willl be removed farther on.

The derivative method.- In order to apply the derivative method, 1t
is necessary first to differentiate the given records to obtain the
derivatives a(t), a(t), and 8(t). Then, for fixed t, equation (1) may
be considered as an equation for the constants b, k, Cy, and C,. By
letting t vary, a set of such equations can be obtained, which can in
turn be solved by least squares (see reference 6, page 210 where, however,
the integral rather than the sum of the squares of the errors has been
minimized) for the desired constents. By this procedure, the following

equations are obtained:
)
J[‘ @ adt
o

fonzdt+kfmdt-co[a5dt-cf

oo. 00 ©0 ou. 0
bf ocoudt+kf cx?d-b—-cof aadt-cl'f cxbdt:-f addt

(s} o (o] o o

o0 [~} (-} m. -]
-bf S&dt-kf aadt'+cof 82dt+le aadt=f Badt

o [0} o] [0} o]

oo. o o © , 00 .« .
-bf Soc.dt-kf 5adt+cof SSdt-+le 2dt=f Sa,dtJ

(o} (o]

o o} o

?(2)

Equations (2) can be solved for the desired parameters b; k, Co, and C,.
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The Laplace transform metkod.- Letting A(p) and A(p) denote the
Laplace transforms of «(t) and 5(t), respectively, so.that

A(p) = cme’Pt a(t)dt
4 "

A(p) =fme'P’° s(t)dt

o)
it follows that if o(t) and 8(t) are related by equation (1), then

(p® + bp + k) A(p) = (C,p + Co) Ap) (&)

(ref. 7). In writing down equation (4), it has been assumed for simplic-
ity that «(0) = &(0) = 8(0) = 0; this restriction is inessential and will
be removed later on. For any value of p, equation (4) is an equation

in b, k, Co, and C;. After finding the Laplace transforms of o(t) and
(%) for several such values of p, say for p = P, Py, - . ., Dy, the
corresponding equations (4) can be set up and solved by least squares to
obtain :

b z PizAz(pi) +k z p1A%(p4) - Co Z piA(py) A(py) - )
Cc, Z ps17A(p;) Alpy) = - Z 182 (p3)
b Z pi'Az(pi_) +k Z AZ(ps) - Co z A(pi) olpy) -
¢, z piA(p;) Alps) = - Z P12 (py )
> (5)
-b Z piA(ps) Alpy) - k Z A(ps) Alpg) + Co 2 £2(py) +
c, z p,A2(py) = z p;2A(p1) Alpy)
- b prmi) Alpy) - k& Z p;A(p1) Alp1) +Co Z psA®(py) +

c, Z p1®A%(py) = z p1°A(p1) A(pi)

where all sums are over the range 1, . . ., N of the index 1. These
equations then can be solved for the desired constants.

The Fourier transform method.- The Fourler transform method proceeds
in much the same way as did the Laplace transform method.
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Defining : ' ' CT -
A(iw) =\fme'i‘*”G a(t) dt
C o (6)
Aldiw) = [ =10t 5(4) at
A
(1% = - 1), 1t follows that-1f a(0) = &(0) = 5(0), then
[(1w)® + 1ub + k] A(iw) = [Co + 1uC,] A(dw) (7

This equation can be written as two real equations by setting

A(iw) = ¢(w) - is(w)
(8)

Aliw) = Mw) - 1 Z(w)

Putting equations (6) and (8) together, we see this means that

C(w) =fwoc(t) cos wtdt S(w) =fwa(t) sin whdt—
I'(w) = mt‘:(t) cos wtdt (w) = mg(t) in wtdt -
W \‘/o" o] .(.0 w £ gin

Breaking equation (7) into its resl and imaginary parts gives

w S(w)d + Clw)k - Mw)eo - w =(w) c, ow?C(w)

w C{w)b - s(w}k + = (0)C - w I'(w)e, = - w’S(w)

After C(w), S(w), I'(w), and =(w) have been evaluated for several values
of w, substitution into these equations yields a number of—eguations

for b, k, Cy, and C; which can be solved by least squares, These equa-
tions, corresponding to (2) and (5), are exceedingly complicated and will
not be reproduced here, o ' ' o .
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The Common Feature of These Methods and the First Generalization

Each of these methods is usually derived as in the preceding section,
through use of & certain specialized concept. Thus, the derivative method
is based on the fact that for fixed t, equation (1) is linear in b, k,
Co, and C,, so0 that a set of simultaneous lineer equations for these
parameters can be obtained by varying t. The Laplace and Fourier trans-
form methods stem from the theory of these operators. Thus, if o(t)
and 5(t) are related by the linear differential equation (1), their
Leplace transforms are related by equation (4). However, equation (L)
is linear in the parameters, and so by writing this equation for several
values of p, one can solve the resulting equations by least squares for
the desired constants., These derivations tend to obscure the common
idea which can be shown to lie behind all the methods. This difficulty
can be overcome if these particular derivations are forgotten and if
attention 1s fixed entirely on the formal processes whereby the final
least squares equatlons are obtained. With this in mind, let us recon-
sider the three methods.

The derivative method.- Equations (2) for the derivative method are
formally obtained by

(1) Multiplying equation (1) by the four functions
a(t), al(t), 8(t), and 8(t) one at a time and
(2) 1Integrating the results from zero to infinity.

We should forget for the moment the interpretation of this procedure as
the solution of equation (1) by least squares, and simply keep the process
of multiplication and integratlon in mind.

The Lapleace transform method.- A similar process can be described
for the Laplace transform method. Choosing N(>L) positive numbers pj,

(1) Equation (1) can be multiplied by the functions

e~Pit, 1 =1, . . ., N, and
(2) The results can be integrated from zero to infinity.

If the resulting equations are solved by leasst squares, precisely equa-
tions (5) for the determination of the parameters by the Laplace trans-
form method are obtained, provided that in step (2) any integrals which
arise involving derivatives of «(t) and 8(t) are integrated by parts
to eliminate these derivatives.

It should be noted that although there appears to be one more step
here than thére was in applying the derivative method - notably an addi-
tional least squares following step (2) - this addition is more apparent
than real, since it 1is necessary to apply & least squares process here
merely because N (which is generally greater than four) equations are
obtained for the four parameters, while in the derivative method exactly
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four such equations were obtained. Thus, the least squares step could
be eliminated by choosing N = 4 {(of course, such a choice is not really
practical), or, slternatively, such a step could be added to the deriv-
ative methed by solving the equations resulting from step (2) in that
method by least squares instead of in the ordinary way. Of course, such
a step would only be made to make the two methods so far described
farmelly more similar; in practice, it would not be performed.

The Fourier transform method.- Finally,

(1) If equation (1) is multiplied by cos wt and sin wt
for several values of w, and

(2) 1If the results are integrated from zero to infinity
(as in the Laplece transform method, integrating by parts
to eliminste explicit dependence on the derivatives of «
and 3),

one obtains a set of equations identical with those obtained from the
Fourier transform method. i

The general method for. linear systems.- The general development of-
equations-of-motion methods is now manifest. One takes the equations of
motion for the physical system under considerstion - for definiteness,
say equation (1) - and

(1) Multiplies them by N arbitrary (but sufficiently
smooth) functions yy(t).

(2) The resulting equetions are then integrated between
two definite limits, say, zero and T.

In the three methods described shove, T = w, but thls is not essential.
In order to avoid some complications initially, we shall continue to
integrate over this infinite interval; this restriction will subsequently’
be removed, however, and T will be allowed to heve finlte values. In
the case of equation (1), the process just described leads to N egqua-
tions of the form

bfm yy(tla(t)at + kfw yy(t)a(t)at - cofw yy(t)o(t)at—

o} (o] o

C, fw yv(t)é(t)dt—= -fm yv('b-)&(t‘)dt,—- v=1, .. ., N (9)
(o]

(0]

It is possible that the functions y,(t) depend ou a(t) or 8(t) as, for
example, in the derivative method; in such cases, equatlons (9) can be
considered as N equations which are to be solved by least squares for
the desired parameters. Of course, this process requires the celculation
of the derivatives a(t), &(t), and 8(t). On the other hand, 1f the
functions yv(t) are explicitly independent of o and 8, as is the case
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in the Laplace and Fourier transform methods, the following formulaes, -
obteined by integrating by parts, are used:

f " po(6)a()at

o

[ e = - 73(00600) + 54(00a0) + [ Fylta(tlar

(o] o

L e - - sy - [ s esta

(o]

- 7(0a(0) - [ gyea(ear
(o}

Substitution into equation (9) gives

- bl:yv(o)cz,(O) +f°° Srv(t)oo(t)dt] + kfm yp(tlalt)dt -
o .

(e}
co

o JC T (818(2)at + 0, 7,(0)5(0) + fo " SyeIs(8)at | = vy(0)ico) -

¥4(0)a(0) -fm yy(tle(t)as, v=1,2, ..., N (10)
(o]

Equations (10) are N equations in b, k, Co, and C,. If N 2Lk, they
mey be solved by least squares for these parameters.

The choice of the functions y,(t) defines which equations-of-motion
method is being used. For this reagon, these functions will be referred
to as the "method functions."

Generalization to Nonlinear Systems

In this sectlion, all considerations will refer to the equations of
longitudinal motion of an aircraft. It will be seen that the method
actually is applicable to a far wider class of equations - in particular
to the equations of lateral motion of an aircraft, including, if it is
80 desired, cross-coupling terms. The special analysis presented here
can be extended to other problems, the only real restriction being that
for practical reasons too meny parameters cannot be handled at once.

The following equations, which involve assumptions of constent air-
speed, smallness of certain quantities, ete., are often used to describe
the motions of an aircraft which has linear stability characteristics:

- aly - GmV + qmV = 8Lg

- My, - QM - Mg + 3Ty = 8Mp
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If, on the other hand, it is assumed that the 1lift and moment functions
are nonlinear in o, these equations become

- L(a) - dmV + qmV = 8Ly
(11)
- M(a) - aMg - My + 6113,=5M5

We shell assume that over the range of interest, approximetions of the
following form are valid:

L(a) l

Lia + Ina® + . . .+ Ly
(12)

i

M(a) = Myaw + Mpo® + . . . + Mol

where thé coefficients Lj, M{ are constant. Only the first three terms
of this serlies will be retained in the present-analysis since this three-
term approximation usually balences very wsll the opposing requirements
of simplicity end adequate representation of the aerodynamic parameters.
If more terms are found to be necessary in a particular problem they can,
of course, be added. It should be noted that this three-term approxima-
tion 1s still fairly general, even retaining the possibility of asymmetry
in the nonlinearities. .
By use of the spproximations (12) with 1 = n = 3, equations (11)
can be written

Ly Lo 2 Lz a . 16
TwETwe "W +a=:5"0
(13)
M M . - L]
- Ti-a - EE @ - %E al - gg a - ?3 qQ+ q= ) 5
Y v y ¥ y Iy

The generalization of the methods of the preceding section to such non-
linear systems proceeds in the obviocus way. First multiply each of
equations (13) by N method functions y,,(t) which have been selected

as sultable. This operation is followed by integration of the resultlng
2N equations. If records of-the derivatives Q and & are not avallable,
one then eliminates the terms involving these derivatives by integration
by parts. The result 1s N equations in L,, Lp, Lz, and Lg and N equa-
tions in M;, My, Mg, Mg, and My. If N 2 5, these two sets of equations
can be solved by least squares for the parameters.

Of course, the piltching velocity q can be eliminated from equa-
tions (11} to yield the single equation
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&_[l\i&:_’__h_d_g__l.'(m):l. M(or,) EL(CL) < s g
Iy Iy mV Iy Iy mV Iy Iy mV mvV

where
Lt(a) = = L(cx,)

With the approximations (12), this leads to the following generalization
of equation (1):

i + (bo + bya + b2a®)a + (ko + ko + koo )a = Cpd + Clé (1k)
where )
.M Mg Ly - + Mg Lo
oo-(BeB-f) w--(BrBE
2L M
b, = =2 - Iy = - < + g )f (15)
3Lga _ E i)
b2 = T k2 = I, mV)

By applying the method described to equation (1L}, the constants bgs b,,
bay, kgy ky, kz can be calculated,

Solution for the parameters in equations of the general form of
equation (14) is of interest to workers in many fields. In addition,
the evaluation, from these parameters, of the stability constants occur-
ring on the right sides of equations (15) is of considerable interest to
aeronautical engineers, and so this problem will be considered in further
detail. One cannot, in general, lsolate the constants I3 and M3j to
obtain, from values of the bi and the ki, the nonlinear functions L(a)
and M(m) For this reason, it is ordinsrily best to apply the method
directly to equations (13) rather than to equation (14), provided that
records of both gq(t) and «(t) are available.

On the other hand, there is one case of interest when equation (14)
can be used directly and measurements of q(t) are not needed. It some-
times happens that while the pitching moment M(a) is nonlinear , the 1ift
L(a) can still be successfully approximated by a linear function. In
this case, we have the approximations

Lo
Ma + Mz0® + Mgo®

L)

(16)

M(a)
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and sc equation (14) becomes

& + bd + (ko + K10 + kza®)a = Cob + C18 (17)
where
-
M Mg Lo
ko = - i—+f--v.'
y “ynm
ky = - Mz $ (18)
Iy
Mg
kg = -~ — -
Ty J
Mg Ig _
Thus in this case, M(a) can, except for the term =—= — occurring in the

Iy mV
expression for Xkp, be obtained from an analysis ofyéquation (17). At
high speeds, however, this term i1s small and its effect on the curve of
M(o.) versus o can be neglected. Thus, the expression for k¥, in
formulas (18) can be replaced by the expression -

ko = - = (19)

and in this case, the nonlinear moment M(a) is commpletely determined by
the knowledge of ko, k;, kp, and, of course, Iy.

Choice of the Method Functions

Up to this point in the. general discusgion, the method functions
yv(t) have been to a very great extent arbitrary, having to satisfy only
certain weak smoothness conditions. In this section, the possiblity of
developing new and perhaps. improved methods for data analysie by means
of a particular choice of the method functions will be explored.

Previous experience, consisting in part of unpublished analyses per-
formed at Ames Aeronautical Laboratory, have indicated that the Fourier
trensform method generally results in greater accuracy than either the
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derivative or the Laplace transform methods.l For this reason, the
method to be discussed will be a varistion of the Fourier transform
method. '

Let us consider first some evident shortcomings in the Fourier
transform method. These defects will offer definite goals to be held
in mind in the development of & new method. First, there is a weakness
in the Fourier transform method in that all integrations proceed over
the interval from zero to infinity (cf. eq. (10)). This causes diffi-
culties in any example in which o(t) and 8&(t) do not spproach zero so
rapidly that their integrals exist. Thus, referring, for example, to
equation (1), if b is not positive or if &(t) does not approach zero
quickly enough, the method cannot be applied straightforwardly. Further-
more, even if b >0 and 8(t) —> 0 in such a way that fwor,('t)dt exists,
the experimental record often is not long enough for this integral to be
accurately calculeble when the system is so lightly damped (b small)
that sizable oscillations persist even to the end of the run. One device
which is sometimes used to overcome this difficulty is equivalent to a
change in the method functions. Instead of the functions sin wt and
cos Wt, the functions e Pt gin wt and Bt cos wt, with some fixed
constant B, are used. However, this leads to the same objection that
was voiced in footnote 1 for the derivative and Laplace transform
methods, notably that the method functions approach zero. Other tricks
for dealing with such deficiencies in the Fourier transform method can
be evolved, but, rather than develop new devices for each specisl case,
it sppears wiser to construct & generally applicable method i1n which
these difficulties never arise - that is, one in which the integration
proceeds only over & finite interval.

The second defect which we shall consider becomes clear from sn
inspection of equation (10}, with the functions yy(t) of the form
sin wt and cos wt for certain values of - w. Referring to equation (10),
it is easily seen that one point, namely the point t = 0, is welghted
very heavily because of the occurrence of the quantities «(0), a(0),
and 5(0). It should be noted that not only are the values of o(t) and
8(t) at one point relied on to this great extent, but that even the
reletively inaccurate value of the derivative of a(t) at that point is
weilghted. Thus, adventages in accuracy might be expected to accrue if
these terms were eliminated.

Since the method for overcoming this second deficiency in the Fouriler
transform method will also be used i1n treating the first, the problem of
elimineting dependence on the inltial values will be discussed now. To
this end, consider equation (10). We begin with the Fourier transform

114 would seem that no rational explanation for this conclusion has
heretofore been offered. However, the theory described herein appears to
afford such an explanation. A long and rather tediocus analysis based on
this theory has indicated that the failure of both the derivative and the
laplace transform methods is due in large part to the fact that the asso-

ciated method functions approach zero very rapldly as time progresses.
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method, that is, with method functions yy(t) of the forms sin wt

and cos wt. Noting that most—of the terms which depend on the initial
values at t= 0 are multiplied by yv(O), it is seen that a choice of
method functions such that yy(0) is zero for all v =1,2, . . ., N
represents a step in the right directlion. Such a cholce is easy to
make, since it is only necessary to eliminate those method functions
which have the form cos wt; then, we may write

yy(t) = sin wyt, Vv=1,2; «. +« o, N (20)

This does not entirely eliminate the dependence on the initisl conditions,
however, as the term yy(0)a(O) remeins in equation (10). If this term
can also be removed, the second weakness in the Fourier transform methed
will have been entirely corrected. This will clearly be the case 1if
7yv(0) as well as yy(O) is zero for all ¥ =1, . . ., N. A possible
choice of the method functions for which this is so, a cholce which

8till retains the advantages of the favored Fourier transform method, is
the following: :

1 - cos 2wyt
yv(t) = sinfuyt = > v , v=1, .. ., N (21a)

With thils choice of the method functions, equation (10) vecomes

- bfw a(t)yy(t)at + kfn a(t)yy(t)at - cof 8(t)yy(tiat +
o o ° (22)

le 5(t)yy(t)at = -fm a(t)¥,(t)at

(o} (¢]

The method functions (2la) would be used for systems satisfying dif-
ferential equations, like (1), which involve derivatives of the second
order. More generally, and for the same reassons, if the highest order
derivative occurring in eny of the equations of motion of a system is
the nth, the following method functlions are suggested:

yy(t) = sinB wyt, v=1, .. ., K (21b)

Thue, in the cese of the two-degrees-of-freedom system described by
equations (13), there is no point in using formula (2la); the simpler
method functions (20) may as well be used.

As for the first of the weaknesses in the PFouriler transform method,
that which is due to Integration over an infinite interval, it would
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gppear at first glance to be easily disposed of by merely choosing some
finite, positive number T and integrating over the interval from zero
to T. This, however, introduces another difficulty. Suppose yy(t) is
given by equation (21a), so that yy(0) = yy(0) = O, Returning to the
derivation of equetion (10), it may be seen that if one integrates only
over the interval O0<t<T, all the good which has been achieved by
eliminating dependence on the point t = O is obviated by certain terms
which arise - terms of the form yyu(T)a(T), yp(T)a(T), and y,(T)3(T).
Thus, the heavy dependence on the initial conditions is replaced by &
dependence on the final conditlons. Of course, the same approach as

was used for eliminating the initial conditions can be used again -~ that
is, the method functions cen be chosen in such a way that

yy(T) = 7(T) = 0. One possibility, naturally, is to choose the frequen-
cies wy such that

sin wyT = O, v=1, . . ., N

Thus, we can set

This cholce of the frequencies (corresponding to the method functions:
given by equation (21b)) leads to an elegant method which gives satis-
factory results in certain cases. On the other hand, the difference

% between two successive frequencies is too large to define the
"rrequency response" (to use loosely the terminology of the Fourier
transform) of some examples adequately. For this reason, we should like
to be able to choose the frequencies as follows:

wv=%%, V=l,.-.,N (23)

Of course, this means that for frequencies having an odd subscript, yV(T)
will be different from zero. To overcome this difficulty, the following
choice of the method functions can be made: If the highest derivative
occurring in the equetions of motion is the nth, define the method func-
tions by the formulas

yéu(t) = gin® Wy,
2u g (2k)
s T < <
sin m2u+1t’ 0>t = 5ot T
yéu+1(t) = o
i
— T < £t <
0, FLTT<tST
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where the frequencies wy are glven by equation (23) and T 1is the
length of the run.. What has been done in choosing these method functions
is the following: Those method functions which are such that yv(T) is
zero (il.e., those method functions which have even subscripts), have been
left unaltered in the form given by equation (21b). The remaining method
functione have had the last quarter cycle, during which they would nor-
mally have varied from O to +1, chopped off, so that they are ldentically
zero over pert—of the interval 0 <t <T. The claim is not made that-
this is the best of all possible choices for the method functions. There
is certainly no reason for such an assertion, particulerly in view of the
fact that a certain amount of the data is not used by each of the odd-
numbered method functions. However, this amount is small after all and
no datum is completely discarded, since the even-numbered method functions
use all the data., That these method functions do seem to be adequate is
indicated by the results obtained in the examples glven below.

Before-proceeding to the examples, one further change, imposed in
the Interest of simplicity 1n the computetions, will be made in the method
functions. For the odd-numbered method functions, certain complications
egrise in the computations due to the fact that the point (Eu/2u+l)T at
which the function 1s cut—off may not—coincide—with a point at which the
data are tabuleted. For thils reason, values of even-numbered frequencies
will be chosen in accordance with equation (23). The odd-numbered fre-
quencies, on the other hand, will be changed (by as little as possible,
to be sure) in such & way that the following condition is satisfied. ILet
the data be tabulated at the points t = tg5, t3, « . ., tg, where
tixyy - tx = constant. The odd-numbered frequencies are then assumed to
be chosen such that- :

8in woytitq = O

where tg 18 that one of the two tabulation instents closest to the time
(Qu/2u+l)T having an even subscript. The-reason faor thie last condition
is merely that it 18 convenient for a numerical integration procedure
(such as the one in the Appendix) to have an even number of intervals
(tx, tk+1)3 thus, Simpson's rule, for example, calls for an even number
of intervals in its application.

For many of the experiments performed on airplenes and missiles, the
run is 2 seconds long and the time between tebulated points is 0,05 sec-
ond, Bo that the tabulation times %5 are st 0, 0.05, 0,10, . . ., 2.00
geccnds. For these values of T and At, the rule given above for the
frequencies w, 1s climaxed by the following table:

vie[3 {sfs|6] 7 ]|8] 9o o1l zs]ar]as s
x| 10% 2 | 3m § 30 20x | om |25 10w | Tm [ TOm
N el el -l Il Rl Bl -l ol Il ol Bl ol e
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The frequency w, has been omitted from the table since, according to
the rule for the determination of the method functions, y,(t) = O

(see eq. (24), ff.) and offers no information. A 2-second interval will
be taken as standard in this report, and all computations will be based
on such an interval. If one has a data run T seconds in length, it
can of course be brought into this standerd form by a preliminary sub-
stitution of the form

and we always assume such & transformation has been made.

Thus, finally, the method may be summarized as follows: BSelect N
frequencies in accordance with the rule given in the preceding paragraph.
(The number N is chosen, a8 in the Fouriler transform method, large
enough to cover the frequency range of interest in the particular problem;
usually, N = 16 is adequate.) Multiply the equations of motion by the
method functions (24) and integrate the resulting equations from zero
to T, where T denotes the length of the data run. Elimineting all
explicit dependence of these equations on derivatives of the data by
successive integrations by paerts results in N linear simultaneous equa-
tions for the parameters. The coefficients in these equations are all
integrals involving the recorded date; after these have been evaluated
by some means,2 the equations can be solved by least squares for the
desired parameters. :

EXAMPLES

Three example problems will be solved in order to demonstrate the
effectiveness of the proposed analysis method and to illustrate asso-~
ciated computing techniques. An effort was made to select examples
representative of problems which often occur in sircraft-response flight
testing and which have not been handled adequately by other known analy-
8is methods. These examples have been simplified in some respects, not
because of fundamental limitations of the method, but in order to avoid
obscuring the essentials of the method and of the related computing
techniques. )

Although limited use was made of automatic digital computing machin-
ery in the following analyses, 1t did not appesr worthwhile ‘o mechanize
complete calculation procedures for these isolated 1llustrative exemples,
However, the method eppears to be well suited to such mechanization.

2See, for exemple, the Appendix, where a technique well suited for
the type of integrations needed for this method is described.
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Example T

The first example concerns the longitudinal response of a hypothet-
ical missile for which it is assumed that the lift varies linearly with
angle of attack, although the pitching moment does ‘not. The velocity of
the missile is assumed to be sufficiently high for the expression (18)
for ko to be simplified to :

M,
ko = = f;
so that equation (17) can be used to determine the 1ift and moment char-

scteristics from & transient response. A pulse response of & system
described by equation (17) was_obtgined from a Reéves Electronic Analogue

enelyzed. The moment.of inertia of the missile was chosen to be 100 slug-
feet®., The nonlinear moment curve M(a) versus o which wes used to
obtain the deta 1s shown as the so0lid curve in figure 1. The linear sta-
bility derivatives were chosen in such a way that the damping parameter

is glven by : :

b =2 - (25)

In order to simplify the presentation, it was decided that free
oscilletions alone would be analyzed to determine only the constants
occurring on the left-hend side of equation (17). Thus, for the data
which will be anslyzed, 5{t) = O, and equation (17) becomes

&+ by + (ko + k0 + kpa®)a = O (26)

A plot of the a(t) "data” is given in figure 2, and this information ie
listed in table I. : - - _

Since equation (26) is of the second order, we shall choose, accord-
ing to the rule given earlier, the method functions (24) with n = 2;
gince the run is 2 seconds long and the time interval between data points
is 0.05 second, the Trequencies w4 are chosen as in the table on
page 16. S .- - - -

Integrating factors I'n(yy) corresponding to each function yy(t)
and its first two derivatives are tabulated in columns 6 through 50 of
table I. (As discussed in the Appendix, the Pn(Yv) are numbers chosen
such that for any integrable function x(t), the sum

) x(em)Talry)

n
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is an approximation to the integral of x(t)yy(t).) Accordingly, the
sums displayed beneath teble I are the integrals needed for the reduc-
tlon of the data, divided by the factor At = 0.05. Since this factor
occurs homogeneously throughout the equations from which the parameters
are to be found (i.e., the generalization of egs. (22) to the nonlinear
eq. at hand), it can be divided out of these equations, and the sums can
be used directly without first multiplying them by At.

In accordance with the method as it has been described, the equa-
tions which are to be solved by least squares have the form

0.05 o -

o L e )
ka[ OL""(t)yv(t)dtJ = - 3-35_[ o)y (t)at

The sums below table I are needed for the evaluation of the coefficients
of b, ko, k;, and k, 1in the above equation. These sums are agsin

listed in table ITI, and the coefficients in the last equation are set

down a8 columns 4, 5, 6, 7, and 9 of table II. The sums displayed beneath
table IT are needed for the final leest squares step of the solution.
Using these sums, it can be seen that the following equetions are to be
solved for the parameters:

i [. b [2 a(t)yy(t)at + ko/c:2 a(t)yy(t)dt + ky fa E(t)yy(t)at +

24,1669 b - 1.05270 ko - 0.336760 k, - 0.0140294 ky = - T7.01790
- 1.05270 b + 0.885340 ko + 0.144127 k; + 0.00906192 ky = 45,5206
-~ 0.336760 b + 0.144127 ko + 0.0374138 k, + 0.00189656 k, = T.0024k
~ 0.01L029Lk b + 0.00906192 kg + 0.00189656 k; + 0.000108975 kp = O. h59829

(27}

It may seem odd to some that four significant figures have been used in
table IT for the values of the integrals and six significant flgures for
the coefficients in equations (27), while the test data are not given to
more than three significant figures., The reason for carrying more slg-
nificant figures in the computations than there are in the date is to
avold eventusl loss of accuracy due to round-off errors and other errors
of a similar type. This procedure of carrying a few more (fictitious)
figures than the data supply 1s usually necessary in order to retain even
the basic information which is in the data.
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Solving equations (27) gives

S
b = 1.95
ko = 50.k4
° & (28)
k, = - 30.5
ky = 806
J

The only parsmeter whose numerical value is glven and which can be
immediately checked is the damping psrameter. Comparing the values
of b given in equations (25) and (28), we see that it-has been found
with an error of 2.5 percent. The constants ko, k,, ko cannotbe
checked directly; however, the calculated pitching-moment curve

Ma) = - I (kow + ko + ka®)

- 5040 a + 3050 o - 80600 o®

can be plotted and compared with the true curve frdm which we started.
This has been done In figure 1 from which it can be seen that the error
at the least accurate point is less than 3 percent:

It should be noted that the values of Pn(yv) given in table I can
be used to solve any problem of the type considered here which depends
on & second-order differential equatlon or on a system of such equatlons.
If the data run is 2 seconds long, it—is only necessary toc lnsert the
data in.table I in place of the data used in this example_and proceed
as we have Jjust done. As mentioned earlier, if the data run is more or
less than 2 seconds long, it i1s only necessary to make a preliminary
transformation of the time scale soc that in the new time scale the -date
run 1s 2 seconds long, & process illustrated in example II.

Example II

The first example served to illustrate the application of ‘the method
to sn equation of the form {i4), corresponding in the missile pitch-
response problem to the case where only aft) and 5(t) are measured. A
problem involving equations, like (13), of the first order, corresponding
to the case where q(t) is available in addition to oft) and 8(t), will
be illustrated now.
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Ag in example I, the 1lift force will be assumed linear and the
pitching moment nonlinear., The following parametric values were
assumed:

m=2 Iy = 1000
vV = 750 ' Mg = - 200 (29)
Iy = 100 Mq = = 500

The nonlinear M(a) is plotted as the solid curve in figure 3. It should
be noted that in contrast to the first example, the pitching moment is
unstable at o = 0 and highly nonlinear.

The "test data"” were manufactured by determining & pulse response of
this missile on the REAC. Again, the control characteristics of the sys-
tem will not be considered, so that only free oscilletions are shown in
figure k.

Merely to have a standard length of run, a 2-secqond interval wes
always selected for the calculation of the integrating factors Pn(yv)
(see the Appendix for the definition of these quentities). To illustrate
the computation procedure for data runs of dlfferent lengths, a l-second
run will be considered in the present example.

In order to use the integrating factors displayed in table III, it
is necessary to make & preliminary transformation of the form

t =

o=

This transformation has the following effect on equations (13):

L1 Iz 2 _Ls s da =15
T mv @ - mV @ - mV'm 2 dr +a= mV 5

(30)
-M_lm_!gaa_ﬁma-aﬁd_m-kq+2$:=ﬁs

Recalling that for the prbblem under discussion, Iy = Ig, Ip = Lg = 0,
8(t) = 0, it can be seen from equations (30) that the equations to be
solved by least squares for the paremeters have the forms
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. I = a(Tyyp(T)aT + 2f oc.( T) —— dyv(T) ar +f2 a(T)yy(T)aT = 0O

v o) o

and

2 2 2
} 314_;[ a(T)yy(T)ar - ‘f_:[ o2 (T)yy(T)ar - %fo o®( )y (T)ar +

. 2 .
2 %[a CX.(T) dy—g'(r-T—) aTt - %‘—[ q(T)yv(T)dT - 2{ q_('l') dYg'(rT) it = 0

. The "data" of figure 4 are presented as functions of T in

table III. The sums, which when multiplied by AT = 0.05 approximate
the integrals in the last two equations, are glven below table IIX,
These sums have been listed in the appropriate places in table IV. With
circled numbers referring to columns in teble IV, it can be seen that
the above two equations are eguivalent to the following:

~ =B +2 0 + ©®

n
o

il
o

‘2O-£0-720+2F0-720@-20

Hehce, ) =
2% z X
Lo wZ0x®r20x0O
z®*2
or -
Iq = 1033 ' -

using the given values of m and V (egs. (29)), while the equations for
the moment parsmeters are



Z@2+ME Z@x@+ Z@x@ (”ﬁ)Z@x@ E‘Z@)X@

2 ) @x0
Y 0x0+2Y 0 0x0- (”“)Z@x@+ Z@"@
Z®x©
2] 0x0 2] 0x0:2T 0 (E)Jox6.2T 0o
-EZ(EX@)
LY 9x0-2)0x0-2)0x0: (E)) 0L} ox0-
2 }: ® x @

%i ZEZ @ x QB + %3 E[: ® x® + %3 ZE: @ x® - (% %%:)j{: @ x® + %& ZE ®°2 -

-2 j{: ® x (?L

When the sums displayed below table IV are inserted in the appropriate places, the resulting
equations can be solved to yleld

gget NI VOVN

€e
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Mo M _
- = 521 2 T, = 38.66
M2 | upo3 e R Y
Ty - Iy

Ma _ . 197,000

Iy

Hence, using the value of Iy given in equations (29),

M, = 5.21x10% Mg = 1930

- 4.23x10°% Mq = - 2670 (31)

&

Mg = - 1.97x107

To begin our discussion of these values, consider I,. A compar-
ison of the values given for Ig by equations (29) and (31) shows that
1o, has been found within 3.2 percent. The nonlinear pitching moment

M(x) = (5.21x10%)a - (4.23x10%)a® - (1.97x107)a®

has been superposed as the dotted curve on the true moment curve in
figure 3. As can be seen, the agreement for this strongly nonlinear
problem is excellent. Finally, the errors in the calculated values of
the paremeters Mg and Mg &are emormous, but the reason for this is well
known and easlly explained. Coneider equations (13) which describe the
motion. Eliminaeting ¢ Ffrom these equations results in equation (1k);
since.the 1ift is linear, b, = by = 0. The constant bo, on which Mg
and Mg bhave thelr principal effect, is easlly interpreted physically

as 8 measure of the damping in the system. The other gross aspects of—
the response are relatively little affected by either Mg or Mg. How-
ever, the Important quantity in bg is not Mg or My alone, but-is their
sum, Mg + My. In other words, relatively large changes In Mg and My,
are possible without causing any great change in the motion, just so long
as their sum remains constant. Thus, one may not expect to find

Mg and My accurately from an experiment such as this - only thelr sum
may be relied upon. This is verified in the present example, since equa-
tions (29) give the sum o

Mg + Mg = - 700
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while equations (31) give

Mg + Mg = - ThO

These two vealues differ by only 5.7 percent.

It should be noted that the assumption, which has been made in
this and the preceding example, of the linearity of the 1ift is not
necessary. If it is suspected that the 1ift is linear but 1f no def-
inite verification of this is available, a nonlinear form such as (12)
can be assumed for the 1ift, and the coefficlents I,, In, Lg, . - .,
can be calculated. If the llft is indeed linear, it should turn out
that Ig, Lg, . . ., are small., Some limited experience has shown that
this method does work but that the errors in the calculated parameters
are somewhat larger than when the correct form is assumed. The reason
for this is not known, but it appears that it may be associated with a
tendency of the extraneous parameters I, and Lg to f£fit the 1lift curve
to that corresponding to the original datse, errors and all, at the
expense of the smoothing operation which 1s necessary with this type of
data and which is performed by the least squares process when the correct
form is assumed.

Example IIT

We turn, finally, to a system described by e differential equation
whose order is higher than the second. Since the higher order systems
whose occurrence is most common appear to be those of the fourth order,
we shall be concerned with such & system. In order to simplify the pres-
entation, & linear system will be considered; there are no conceptual
difficulties in the generalization to the nonlinear case. In addition,
it will be assumed for simplicity that free oscillations are available
for analysis. Thus, the system to be apalyzed is assumed to be described
by an equation of the form

2
d‘x + ag EEE + a2.9€§ + 8y 3X 4 80X = 0 (32)
ats a3 at t :

A solution of this equation was calculated over the interval from O
to 2 seconds, for the following values of the coefficlents =aq:

[=¥6) 25}4')4-.9 al 219-32

132.87 ag = 2.000

2z
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The result, representing the free oscillations in response to some dis-
turbance, is tabuleted in tsble V and presented graphically as the solid
curve in figure 5. The sums needed for the solution of the problem are
displayed below table V and again in table VI. The least-squares equa-
tions for the parsmeters are

3
24.2035 8o - 16.7225 &; - 1098.19 &, + 1603.19 a5 = ~ 81036.4
- 16.7225 ag + 855.538 a; + 664.495 ay - 82282.3 ag = 85777.1
- 1098.19 &g + 664.495 &, + T7898.7 az - 94Th1.8 ag = 7533580
1603.19 ap - 82282.3 a, - 9UT41.8 ap + 8523670 ag = - 10567800
J
Solving these equations gives: -
ao = 3098.7 8y = 37493
ap = 141.29 - . .. ag = 3.367

It can be seen that these numbers are correct only to within orders of-
magnitude. On the other hand, it is not these coefficients whilich have
direct physical significance; rather, it—is the damping and frequency of
each of the components meking up the oscillation which are important.

In order to find these numbers, the following equation was set up

A 4+ 03.367 A% 4+ 141.29 A2 4+ 374.93 A + 3098.7 = O
and solved to find the roots:

- 0.0h6 *10.7 1

- 1.64 * 4.96 i

The true roots are obtained by solving the equation

A%+ 2,000 A% + 132.87 @ + 219.32 A+ 254Lk.9 = ©
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This gives

+ 10.5 1

- 1.00 # k.71 1

Thus, the frequencies of the oscillation have been found gquite accurately,
a8 has the damping parameter of the undamped component. The only large
effect of the errors in the coefficients &g, 23, 85, 8nd a5 1s in the
damping of one of the components. The apparent ill-conditioning of the
problem with respect to this paremeter is not too surprising, for after
all, either the true or calculated value of this damping is large enough
that the corresponding component of the motion is mesked by the undamped
component over a good part of the run. This may be seen best, perhaps,
from figure 5 in which the solution of equetion (32), using both the
true and calculated values of the parameters, has-been plotted. It csn
be seen that the two curves do not differ by very much, indicating that
the fit could not be much improved.

CONCLUDING REMARKS

A general theory of the so-called "equations-of-motion" methods
for the anslysis of dynamical systems has been presented. It has been
shown that, when looked at from a new point of view, all such methods
can be generalized so as to apply to linear and nonlinear systems alike.
Using this theory, it has also been shown how new methods can be devel-
oped in order to satisfy the requirements of particular problems.

One new method has been described in detail. In certain cases, it
reduces to one which is very similar to the well-known Fourier transform
method (ref. 3) but in all cases has certain advantages over this latter
method and over other methods heretofore used. Its superiority is based
on two facts. First, there is the heavy dependence on the initisl con-
ditions which occurs when using most of the previously known equations-
of-motion methods; this dependence is entirely eliminated in the new
method. This superiority menifests itself particulerly when systems of
higher order than the second are considered. If, for definiteness, &
fourth-order system is considered, before the Fourier transform method
(for example) can be applied, it is necessary to evaluate the test dats
and their first three time derivatives at the initial point. Accurate
evaluation of all these derivatives is practically impossible, however,
with the type of date obtained from most serodynemic experiments.

The second fact upon which the superiority of the proposed method
reste is that most of the equations-of-motion methods used to this time
demand an infinitely long record for thelr rigorous application. For
some years now, questions about the errors introduced into an analysis
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of a system by the finite length of records available have been asked, -
but answers have not been offered. The second principal adventage of—
the method described herein is that such questions are side-stepped com-
pletely: There is no error at all from this source, since it—-is assumed
from the start that only a finite record is available. Because of this
feature, the method avoids & further limitation of the Fourier transform
method (apparently the most accurate of all well-known methods of this
type), which cannot be applied at all to some systems (e.g., unstable
ones)} without time-consuming and sometimes ineffectlve special devices,
since the Fourier integrals of the data simply do not exist.

The single exception to these remarks 1s the derivative method
(refs. 2 and 3). The derivative method does not—wéight the initial com-
ditions and does not depend on en infinite-interval for its application.
In addition, the derivative method has in the past been considered as
the only well-known method which applies to nonlinear as well as linear
systems. (Other methods are described in references 2 and 10, but the
derivative method appears’ to be the only one with such general applica-
bility as we are discussing here.) There are, however, a number of
very serious objections to the derivative method. ‘First of all, there
is the. inordinate amount of time and labor which must be expended in its
application, principally because of the necessity for calculeting time
derivatives of the date. Second, and most important, is the question
of accuracy. The accurate calculetion of the derivatives needed for the
method is most-difficult, and this calculation is a large socurce of
error. Besides, even if the derivatives could be computed with the
requisite accuracy, the derivative method appesrs often to lead to badly
conditioned equations, as pointed out in reference 2; because of this,
meny problems have been found for which the derivative method has been
shown to lead to extremely large errors. The method proposed herein is
subject to none of these weaknesses. The time required for its applica-
tion is far lese than that needed for the derivative method; in addition,
it appears to be well suited to mechine computation. Naturally, deriv-
atives need not be calculated, and the method shares the properties of
the Fourier transform method which cause it to lead to fairly well-
conditioned equations.

Ames Aeroneutical Laboratory
Nationael Advisory Committee for Aeronautics
Moffett Field, Calif., July liy 1954
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APPENDIX
b
NUMERICAL EVALUATION OF INTEGRALS OF THE FORM f x(t)y(t)dt
a

In 1928, Filon (ref. 8 - see also ref. 9, pp. 67-72) published a
generalization of Simpson's rule for evaluation of integrals of the form

fb x(t) sin wtdt

a

J[b x(f) cos wtdt

a

where x(t) represents numerical data. Filon's method, in contrast to
Simpson'!s, has the distinction of giving results whose errors are inde-
pendent of the frequency w, depending only on how closely x(t) can be
fitted to a sequence of parabolas. This method will be generalized to
apply to integrals of the form

j‘b x(t)y(t)dt

&8,

where y(t) is known exactly (for application to the method described in
the body of this report, y(t) is one of the method functions), while
x(t) is given tabularly.

Suppose the 1interval (a,b) is divided into 2h equsl parts by points
to=a<t; <. . .<tgy =Db, where tpn;; - tn = At = constant. Then, a
formule of the form

2h
o]
f x(£)y(t)at = At Z Tn(¥)x(ta) (33)
a, n=0

will be sought, where the I, are constants which depend only on the
function y. These constants will be determined by the condition that
the formula (33) will give the integral exactly in the cases where x(t)
is a comnstant, a linesr function or a quadratic function of t. Suppose
first that the interval (a,b) is divided into two parts only by points
to, t1, and tp; since formula (33) is to be exact if x(t) =1, (t - t,),

or (t - t,)%, we have
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t
rol) + () + Telv) = A [ wwa )
tO

.
L a0Tey) + 0T =g [ (8- wy(ea e
t

(o]

2 2 1 tz 2.
(At) Po(Y) + (At) r2(y> = At— (t - t'l) Y(t_)dt)
to

Equations (34) can be solved for Iy, I'1, Tz to obtain

)

'ta ’ t_z
To(y) = I jtl (t - ty)%y(t)at - E—(Zl;o—)g [o (+ - tydy(v)at
ta t2 _.. -
1 1 ) -
niy) =z /; y(v)at - =3 [ (t - tp)%y(e)at >(35)
(o] o
I'y) 1 fta _(£ £, )2y(t)at 1 ftz (t - ty)y(t)at
2T 2008 Uy, TRl T 20® g, G
' J

Now, if (a,b) is divided into 2h(>2) parts, the integral is written as
followse: . . S _ -- - }

b ) tsa
“/; x(t)y(t)at = “[;0 x(t)y(®)at + “/1‘:2 x(t_)y(t)dt+ ...t
tzh
f x(t)y(t)at a (36)

ton-2
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-and equations (35) can be used to evaluate each of the integrals on the
right-hand side. Calling

t
1 p+L
o) =5 [ viwar
t

p-1
(y) = tos (t - tp)y(t)at
Bl = S a)? \,4 - el
p-1
1 tp+1 >
L = t - to)2y(t)dt
p(Y) Q—(Eo—)_é /t‘p_l ( p/ Y )

we obtain from (33), (35) and (36) that
2h

b
[ otnran = o z Ty (7)x(tn)
a : n=0
where
Lo(y) = Lo(y) - K (¥) 7
r2,0-1(Y) = Jap-l(y) - QLgp..l(Y): p=1l,2, « « h
Top(¥) = Lap-1(¥) + Kpp-1(¥) + Lapspa(¥y) - Kopra(¥), (37)
0=1,2, ..., h-1
Fon(y) = Lana(y) + Kon-1(¥) J

Tt should be noted that if y(t) is identically unity,

Jp(1) =2
Ko(l) = O
Le1) = 1/3
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where the relations tp-1 = tp - AL, tp4r = tp + At have been used
repeatedly. Hence, from equetions (37),

Io(1) = 1/3
Fop-1(1) = 4/3, p=1,2, . . ., h
Ipp(1l) =2/3, 0 =1, 2, . ,h -1
rzp(l) = 1/3 T

which exactly describes Simpsonts rule.

Equations {37), with y(t) being chosen equal to the method func-
tions, were used to calculate the numbers displayed in tables I, III,
and V.
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TABLE I.~- CALCULATIONS OF THE INTEGRALS NEEDED FOR EXAMPLE I - Concluded

i hs L6 kT 48 hg 0
o |2 T3] T(v1e) == Taliie)|—2s Ta(¥1e) | Talvie) | 2= In(¥1e) |25 Eul¥ag)
2 s t1s® t1g w182

0 0.7780 -0.0295 0.0568 0.7848 -0.0321 0.0703 0.795L
1 1.0705 L4331 1.0651 .93k D91k 1.0768 .7010
2 -.9146 5991 .5TTh -1.0631 .6559 5673 -1.286L
3| -2.3288 1.2167 ~.3776 -2,2001 1.1255 -.6667 -1.8354
i -. .3657 -.7822 -.1296 .210% -.T561 ko1
5 1.6673 1552 -.5536 2.0457 .099% [} 2.2686
6 1.4799 .0237 .h821 1.2387 2105 7561 491k
T .3689 .809% 1.1275 - 1.12%55 6667 -1.835%
8] -1.2589 .T20L L1292 -1.5483 6549 -.1673 -1.2864%
9| -2.1009 9847 -.9737 -1.2723 ko1h -1.0788 .T7010
10 o] .1187 -.6570 8585 -.06l2 o] 1.5901
11| 2.1009 L0931 .191h 2.294% RN 1.0788 .7010
12 1.2589 .2370 7608 .3853 6549 LLET3 -1.2864
13 -.3689 1.1256 LTLlhk -1.8356 1.1255% -.6667 -1.835%
1| -1.4799 6785 -.3735 -1.380% .2105 -.T561 o1k
15| -1.6673 6186 =1.1591 .1921 .099% [o] 2.2686
16 .4809 -.0378 -.2548 1.48L46 2105 7561 o1k
17| 2.3288 2728 8557 1.57%h 1.1255 6667 -1.835h4
18 .91lT k910 .T187 -.6305 65149 -.4673 -1.286k
19| -1.0705 1.2482 o] -2.3261 91k -1.0788 .To10
20| =-1.5561 k910 ~.T187 -.6305 ~-.0642 o 1.%901
21| -1.070% 2728 -.8557 1.57% 491k 1.0788 .7010
22 .91k7 -.0378 2548 1.4846 6549 4673 -1.286%
23 2.3288 .6186 1.1%1 L1921 1.12%5 -.6667 -1.8354
2k 4809 6785 .373% -1.3805 .2105 ~.T%6L RTILY
251 -1.6673 1.12% ~. 71l -1.8356 L0995 o] 2.2686
26| -1.4799 .2370 -.7608 .3853 .2105 7561 491k
27 -.3689 .0931 -.191k 2.29h4k 1.1255 6667 -1.8354
28 1.2589 .1187 6570 .8585 6549 -.1873 ~1.2864
29 2.1009 984T 9737 -1.2723 4o1k -1.0788 L7010

30 o] 7204 -.1292 -1.5483 -.0642 [¢] 1.5901 °
31| -2.1009 809k -1.127% -.5T10 Lholh 1.0788 .T010
-1.2589 .0237 - 4821 1.2387 6559 L4673 -1.2864L
3 . 155 .5536 2.0457 1.1255 -.6667 ~1.8354
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TABLE V.- CALCULATION OF THE INTEGRALS NEEDED FOR EXAMPLE III - Concluded

1 T2 73 > T5 T6 ™ 8
. 1 1 . 1 - 1 e
N P B 2P e rn(vu “’) Ta(y1e) | gpg Tnlize) | oz Tal¥ae) T(Vae) | iz rn(ym (‘ ’)
0 1.7865 8.1426 -0.0335 -0.0693 0.151k 1.9516 T7.1188
1 .17 -19.8366 .2 L8847 1.7696 -1.2097 -19.901k
2 =7.9314 2.3892 .596 7734 -1.68k2 -6.7667 11.5107
3 5.160% 27.5582 .68k -.5808 -2.2k35 T.6917 13.8720
N 4.057L ~21.7377 0621 ~.5670 1.5329 -.0022 -18.6294
5 -2.7607 4.8180 0154 0 .9LT8 [¢] 12.0588
6 3.5401 .5843 0621 .5670 1.5329 .0022 ~18.6294
T -7.3382 -18.6211 .98LkL .9808 -2.2k35 -T7.6917 13.8720
8 -2.348L 27.5345 .5965 -.T734 -1.6842 6.7667 11.5107
9 9.3367 =k, %593 .2580 -.8847 1.7696 1.2097 -19.901L
10 -2.5377 -12.4980 -.067L o] .3027 o] 14.237h
11 1.1638 13.304T .2%80 887 1.7696 =1.2097 -19.901%
12 -.3585 -21.3858 5965 LTT3h -1.68k2 -6.7667 11.5107
13 -8.6181 13.1777 .98hL -.9808 -2.2435% 7.691T 13.8720
1h 6.2166 17.8633 L0621 ~.5670 1.5329 - -18.6294
15 3.6582 24,2143 .015% o] 9478 o] 12.0588
16 ~2. 455 11.8676 L0621 .5670 1.5329 .0022 -18.6294
17 2.4995 -8.26L46 K-i .9808 -2.243% ~7.69L7 13.8720
18 ~T.02% -12.7600 .5965 -.TT34 -1.6842 6.7667 11.5107
19 o] 33.0746 .2580 -.8847 1.7696 1.2097 -19.901k
20 T.02% -12.7600 -.0671L o] .37 o] 1k 237h
21 -2.4995 -8.2646 .2580 .88LT 1.7696 -1.2097 -19.901k4
22 2. 4458 11.86T6 5965 TT34 -1.6842 -6.7667 11.%107
23 -3.65%2 24,2143 .984L -.9808 -2.2435 7.6917 13.8720
2L -6.2166 17.8633 L0621 -.5670 1.5329 -.0022 -18 6294
25 8.6181 13.177T7 L0154 o] .9478 o} 12.0588
26 .3%85% -21.3858 L0621 5670 1.%329 .0022 -18.6294
27 -1.1638 13.3047 .98L4 .9808 -2.2435 -7.6917 13.8720
28 2.5377 -12.4980 5965 -.TT3% -1.68k2 6.7667 11.5107
29 -9.3367 -4 4593 .2580 -.8847 1.7696 1.2097 -19.901L
30 2.3484 27.5345 -.067L o] .37 0 14,2374
3t 7.3382 -18.6211 .2580 8847 1.7696 -1.2097 -19.901k
32 -3.5400 .5853 5565 JTT3h -1.68hk2 -6.7667 11.5107
33 2.7607 4,8180 .98Lh -.9808 -2.2435 T.6917 E .8720
3k -4.0571L -21.T377 .0621 -.56T0 1.5329 -.0023 629k
35 -5.1605 27.5582 -0154 o -9478 0 12.0588
36 7.931h .38g2 .0621 5670 1.5329 .02 -18.6294
37 -.1117 ~-19.8366 .98LL .5808 -2.2L435 ~7.6017 13.8720
38 -1.7865 8.1h26 5965 ~. 7734 ~-1.68L2 6.7667 11.5107
39 0 [¢] .2580 -.8857 1.7696 1.2097 -19.901k
40 0 [} -.0335 .0693 .151k -1.9516 7.1188
E® x O, = -.055 .169 -.T09 2724 -.0128 ~.11h 235
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Figure 1.~ The nonlinear pitching-moment curve for example I.
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Figure 2.. "Test data”™ for example I.
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Figure 3.~ The nonlinear pitching-moment curve for example II,
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Figure 4,- "Test data" for example II,



00DT = ¥S-1-8T - LefRowT-¥YOYN

True
N | |m=——— Galculated

AN Vil // ‘

gget NI VOVN

0 2 4 S 8 10 1.2 14 1.6 18 20
t, sec

Figure 5.~ "Test data™ for example III.
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